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A single driven spin is investigated as the working substance of a six-stroke irreversible quantum
Carnot cycle. The role of inner friction associated with the finite-time adiabatic transformations on
the cycle efficiency and the harvested work are investigated in detail. The inner friction is found to
significantly reduce the work output and the cycle efficiency which can make the engine incapable to
produce positive work for the too fast adiabatic transformations. The ideal Carnot efficiency is found
to be reached only for the quasi-static transformations. A deviation of the cycle efficiency from the
classical Carnot efficiency has been given by an efficiency lag which is directly related to the total
entropy production due to the inner friction. The released heat in the relaxation processes of the
cycle are associated with the entropy production and the inner friction. The extension of the results
for a scale invariant quantum working substance and the possible experimental implementation of
the irreversible quantum Carnot cycle in a liquid state nuclear magnetic resonance setup are also
discussed.
PACS numbers: 05.70.Ln,07.20.Pe
I. INTRODUCTION
Since the recognition of a three-level maser as a heat
engine operating at the Carnot limit [1], the concepts
of quantum thermodynamic processes and quantum heat
engines have been studied extensively [2–48]. A quan-
tum system as a working medium extracts useful work
by operating between a source bath and an entropy sink
through a quantum generalization of the classical ther-
modynamic cycle [2–4]. Recently, different experimen-
tally feasible quantum systems are proposed to be engi-
neered as a nanoscale thermal engine [5–12]. Moreover,
quantum heat engines are implemented experimentally in
several setups [13–17]. Both quantum and thermal fluc-
tuations are relevant for the heat engines at nanoscale.
The quantum features of the working substance and the
reservoirs make the nanoscale engine to exhibit several
unusual features. For instance, a quantum heat engine
fueled by the coherent resources can harvest useful work
even more efficient than the classical Carnot engine [18–
23]. Refs. [24, 25] showed that the internal quantum co-
herence is responsible for the nanoscale engine to output
more power than the classical counterpart using the same
reservoirs. An experiment performed in nuclear magnetic
resonance (NMR) platform illustrated that irreversible
processes can make the quantum Otto cycle more effi-
cient than the reversible one in the case of a negative
source temperature [15].
The heat-to-work efficiency of a classical heat engine
is maximized for reversible processes in which the irre-
versible entropy production is zero. The classical Carnot
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engine produces work through two reversible isothermal
and two reversible adiabatic processes. The efficiency of
the Carnot engine is the highest among all other ther-
modynamic cycles. Exceeding the Carnot efficiency is
attributed as the violation of the second law of ther-
modynamics. The general extension of the Carnot cy-
cle for quantum mechanical systems ideally consists of
two quantum versions of the isothermal and adiabatic
steps [2, 26]. However, the extension is not so straight-
forward [39–44]. The isothermal processes can be directly
extended to the quantum regime. If the isothermal pro-
cess is quasi-static, the quantum working medium can
be always kept in thermal equilibrium with the reser-
voir. Then the quantum isothermal process is reversible
and the thermodynamic quantities are defined unambigu-
ously. On the other hand, for the quantum Carnot cycle
to be thermodynamically reversible, two strict conditions
should be employed at the adiabatic steps [2]. The first
condition is the requirement of the working substance
to be scale invariant. That is to say, all energy gaps of
the working medium should be changed by the same ra-
tios in the two adiabatic stages. For quantum systems
having only a single defined energy gap, such as a qubit
and a harmonic oscillator, the scale invariance is inher-
ently justified. For coupled systems, it is shown that
scale invariance can be satisfied only when the frequency
and the quantum coupling between the individuals are
altered simultaneously [27]. The second condition is the
requirement of the equilibrium condition at the end of the
adiabatic stage. It can be succeeded by replacing adia-
batic stages with quasi-static quantum adiabatic steps.
In an infinitely long adiabatic process, the working sub-
stance stays in equilibrium at all times as defined by the
celebrated quantum adiabatic theorem. Under the two
conditions, the quantum Carnot cycle is reversible. The
heat-to-work efficiency equals to the classical Carnot effi-
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2ciency which is independent of the details of the quantum
working substance [2].
In practice, it is not possible to maintain an adiabatic
step a long time due to the decoherence effects. The
time length of an adiabatic step should be shorter than
the characteristic decoherence time scales to avoid any
heat exchange with the surrounding. Therefore, the adi-
abatic stages of a quantum Carnot cycle should be exe-
cuted in a finite-time. However, the finite-time steps are
the origin of the irreversibility [28–38]. In a finite-time
adiabatic process, the working medium is driven to an
out of equilibrium state. When the system becomes in
contact to a reservoir before the isothermal process, an
inevitable thermalization with the bath occurs. In addi-
tion to two isothermal and two adiabatic steps, the irre-
versible quantum Carnot cycle possesses two relaxation
strokes [2, 39, 40].
In this study, we investigate a single spin 1/2 as the
working medium of the irreversible quantum Carnot cy-
cle. Recently, a nuclear spin 1/2 have been implemented
in the liquid state NMR setup as a quantum Otto heat
engine operating at a finite-time [14, 15]. Here, we use
the Hamiltonian driving protocols and the system pa-
rameters that are applicable to the liquid state NMR
platform [14, 15, 45, 46]. Our results demonstrate that
the quantum Carnot cycle using a nuclear spin 1/2 is
a promising candidate to be implemented in the liquid
state NMR setup. We investigate in detail the effect of
the time allocated to the adiabatic branches on the cycle
efficiency and the work output. The performance out-
puts of the cycle are found to be dramatically influenced
by the time length of the driving protocol. The Carnot
efficiency is reached only at the quasi-static regime. The
fast Hamiltonian driving protocol, however, reduces the
work output and the efficiency. Moreover, it is shown
that the quantum Carnot cycle can be incapable to pro-
duce useful work for the too fast adiabatic stages.
A single spin is inherently a scale invariant system.
However, the inter-level transitions make the spin at
non-equilibrium state at the end of the adiabatic stages.
When the spin becomes in contact to the reservoir, an
amount of heat is found to be released by the spin be-
fore the isothermal step. The amount of the released
heat in the relaxation processes is connected both to the
quantum friction arises in the adiabatic stages and to the
entropy distance between the final states approached at
the end of the adiabatic and the relaxation strokes. It is
shown that the contributions on the released heat dur-
ing the relaxation can be separated into two parts, one
due to the coherence generation and the other one due
to the incoherent transitions. The extension to the gen-
eral quantum systems possessing scale invariance is also
discussed.
FIG. 1: The schematic diagram of the six stroke irreversible
quantum Carnot cycle. Here 〈H〉 is mean energy of the spin
and ν is the tunable parameter in the cycle. A→ B (C → D)
is the quantum isothermal process where the spin is always
at thermal equilibrium with the hot (cold) heat bath at tem-
perature TH (TL). B → C′
(
D → A′
)
is the unitary process.
The spin Hamiltonian is driven in a finite time interval which
evolves the initial equilibrium state at instant B (D) to a
non-equilibrium one at the end of the process C
′
(A
′
). A
relaxation with the cold (hot) reservoir occurs in the process
C
′ → C
(
A
′ → A
)
at a fixed frequency νC (νA).
II. IRREVERSIBLE QUANTUM CARNOT
CYCLE
The six strokes of the irreversible quantum Carnot cy-
cle can be simply schematized as in Fig. 1. The details
are given below.
(i) Isothermal heating stroke. The first stage A → B
is the isothermal process. The Hamiltonian denoted as
HA = −1/2hνAσy at instant A is changed to HB =
−1/2hνBσy at instant B by only adjusting the field in-
tensity. Here h is the Planck constant and σx,y,z are the
Pauli operators. The process is slow enough to keep the
spin always at thermal equilibrium with the hot reservoir
at temperature TH . The equilibrium spin state can be
given as ρi = 1/Zie
−βHHi (i = A,B), where Zi is the
partition function, βH = 1/(kBTH) and kB is the Boltz-
mann constant. The heat absorbed by the spin during
the process can be written as QAB = TH (SB − SA), with
Si = −kBtr(ρi ln ρi) being the thermodynamic entropy.
(ii) Adiabatic compression stroke. In the process
B → C ′ , the system Hamiltonian is driven according
to Hcomp(t) = − 12hν(t)
[
cos
(
pit
2τ
)
σy + sin
(
pit
2τ
)
σx
]
, with
ν(t) = νB(1 − t/τ) + νCt/τ and νC = (TL/TH) νB . The
initial spin Hamiltonian HB = −1/2hνBσy is driven to
Hcomp(τ) = −1/2hνCσx ≡ HC at time t = τ . We remark
here that the adopted driving protocol has been exper-
imentally studied recently [14, 15, 45, 46]. The driving
time length τ is much shorter than the decoherence time
scales and the process is, therefore, unitary. The time
development of the spin density matrix can be given as
ρ˙(t) + i/~ [Hcomp(t), ρ(t)] = 0. The spin state at the end
3of the process is denoted as ρC′ . Work is done on the
spin.
(iii) Relaxation. Due to the finite time nature of the
preceding stroke (ii), transitions among the instanta-
neous eigenstates of the spin Hamiltonian occur. An en-
ergy frame coherence may be generated which can make
the spin state ρC′ out of thermal equilibrium. When
the spin becomes in contact to the cold heat bath at
inverse temperature βL, a relaxation process may oc-
cur. The state ρC′ approaches to the thermal state
ρC = 1/ZCe
−βLHC at the end of the process C
′ → C.
Since the frequency νC is considered unchanged during
the relaxation, the stage can be interpreted as the quan-
tum isochoric process. The heat exchanged during the
relaxation can be given as QC′C = tr (HC(ρC − ρC′ )).
As we will discuss later in the text that QC′C is always
negative and can be interpreted as the quantum friction
arises in the adiabatic compression stroke (ii).
(iv) Isothermal cooling stroke. The process C → D
is almost inverse of the isothermal heating stroke (i).
The spin Hamiltonian HC = −1/2hνCσx at instant
C is slowly changed to HD = −1/2hνDσx at instant
D. The spin states at the terminal points are given as
ρi = 1/Zie
−βLHi (i = C,D). The released heat by the
spin to the sink is calculated as QCD = TL (SD − SC).
(v) Adiabatic expansion stroke. In the
process D → A′ , the time dependent field
drives the spin Hamiltonian according to
Hexp(t) = − 12hν(t)
[
cos
(
pit
2τ
)
σx + sin
(
pit
2τ
)
σy
]
, with
ν(t) = νD(1 − t/τ) + νAt/τ and νA = (TH/TL) νD. The
initial Hamiltonian HD = −1/2hνDσx is changed to
HA = −1/2hνAσy at the end. The process is unitary.
The spin state denoted as ρA′ at time t = τ is, in
general, not an effective thermal state.
(vi) Relaxation. In the process A
′ → A, the non-
equilibrium state ρA′ reaches to the thermal state ρA =
1/ZAe
−βHHA by exchanging heat with the hot reservoir
at temperature TH . As we will show, the mean energy at
the instant A
′
is always greater than the one at A. There-
fore, the exchanged heat QA′A = tr (HA(ρA − ρA′ )) is
always negative.
The net heat dumped to the sink (defined as Qout) and
the net heat absorbed from the source (defined as Qin)
are, respectively, given as
Qout = QC′C +QCD
= tr (HC(ρC − ρC′ )) + TL (SD − SC)
Qin = QA′A +QAB
= tr (HA(ρA − ρA′ )) + TH (SB − SA) . (1)
The amount of net work W = Qin + Qout is extracted
from the irreversible Carnot cycle when Qin > −Qout >
0. The heat-to-work efficiency is then defined as
η = 1 +
Qout
Qin
. (2)
III. RESULTS AND DISCUSSION
As a next step, we give the numerical values of the
parameters defined above. Here we use the frequencies
and the bath temperatures which are applicable to the
liquid state NMR setup [14, 15, 45, 46]. The fixed pa-
rameters are νD = 2.0 kHz, νB = 3.6 kHz and TL = 6.6
peV/kB . Different source temperatures are considered
TH = (16.5, 21.5, 26.5, 33.5) peV/kB . We should stress
here that as the temperature ratio TH/TL changes, the
frequencies at the instants A and C also change. How-
ever, they are still few keVs and practical for NMR plat-
form.
FIG. 2: Average work (solid line) and the net heat exchanged
with the hot (dashed line) and the cold (dotted line) reservoirs
versus the driving time length, τ . Here we set the source
temperature at TH = 16.5 peV/kB in (a) and at TH = 33.5
peV/kB in (b).
In Fig. 2, we plot the average work and heat per cycle
4versus the driving time length for the source temperature
TH = 16.5 peV/kB (Fig. 2(a)) and TH = 33.5 peV/kB
(Fig. 2(b)). Figure illustrates that the exchanged heat
and work are dramatically influenced by the time length
of the driving protocol. Slower operation makes the spin
to harvest more positive work. However, when the time
length (τ) decreases, the extracted work and the ab-
sorbed heat from the source decrease almost monoton-
ically. In addition, the fast driving protocol makes the
spin to dump more heat to the cold sink. This shows that
too fast driving protocols inhibit the heat engine oper-
ation, indicating the presence of dissipation due to the
irreversibility. Specifically, as shown in Fig. 2(a), work
is injected to the spin if τ is approximately smaller than
220 µs. For the driving times τ < 220 µs, the operation
mode of the cycle is not a refrigerator; work and heat
are all negative in this regime, so the operation of the
cycle has no industrial use. On the other hand, as the
temperature of the hot bath is set at TH = 33.5 peV/kB
(Fig. 2(b)), the spin can harvest positive work even for
a too fast driving protocol (i.e, τ < 220 µs); the spin
becomes incapable to produce useful work only for the
driving times smaller than 90 µs. Increasing the temper-
ature of the source bath increases the magnitude of the
harvested work due to the capability of the spin to gain
more heat from the source.
FIG. 3: The efficiency of the six stroke irreversible quan-
tum Carnot cycle (Eq. (2)) divided by the classical Carnot
efficiency (ηC = 1 − βH/βL), i.e., η/ηC versus the driving
time length, τ . Here the lines labeled as (solid, dashed, dot-
dashed, dotted) are for TH = (16.5, 21.5, 26.5, 33.5) peV/kB ,
respectively.
Now we investigate the effect of the irreversibility as-
sociated with the finite time Hamiltonian driving on
the cycle efficiency. In Fig. 3, we plot the efficiency
(Eq. (2)) divided by the classical Carnot efficiency (ηC =
1 − βH/βL) versus τ for the source temperatures TH =
(16.5, 21.5, 26.5, 33.5) peV/kB . Fast adiabatic operations
are also worse for the cycle efficiency. The ratio η/ηC de-
cays to zero as τ decreases and the heat engine character
disappears after a critical driving time. As shown from
the figure, the critical driving time is sensitive to the hot
bath temperature. When TH/TL ratio increases, the crit-
ical driving time shifts to the smaller values. In addition,
higher source temperature results in more efficient cycle
for a given time τ . We may claim here that the cycle ef-
ficiency is more effected by the irreversibility for a small
source temperature compared to the higher one. On the
other hand, when the driving protocol time increases,
the ratio η/ηC expeditiously increases and approaches to
1 (η/ηC → 1) as τ → ∞ for all temperature cases. We
remark here that for the intermediate driving time in-
tervals, the efficiency and also the work and heat have
non-monotone dependence on the protocol time length
τ . As we will discuss later in detail that the quantum
coherence generation due to the driving is responsible to
such an unexpected dependence.
Once the average work and heat in Fig. 2 and the ef-
ficiency in Fig. 3 saturate as a function of τ , they do no
longer change for the further increase of the driving time
length [47]. The quantum adiabatic results are obtained
in which the total entropy increase of the universe is zero.
The quantum Carnot cycle is reversible and we obtain
η/ηC → 1 in the limit τ → ∞. On the other hand, the
deviation from the quantum adiabatic results is the sig-
nature of the irreversibility in the quantum Carnot cycle.
The effect is fully a quantum phenomenon and called as
the inner friction [28–38]. The irreversibility is the conse-
quences of the time ordering in the unitary time evolution
which arises when the driving Hamiltonians at different
time instants are incompatible, i.e., [H(t1), H(t2)] 6= 0.
The inner friction in the above proposed Carnot cycle
can be directly characterized by the entropy distance be-
tween the spin state reached after the adiabatic strokes
(i.e., ρC′ and ρA′ ) and the thermal states at the begin-
ning of the isothermal stages (i.e., ρC and ρA). This en-
tropy distance is intimately related to the heat exchanged
during the relaxation processes of the cycle (i.e., QC′C
and QA′A).
Let us first concentrate the Hamiltonian driving pro-
tocol B → C ′ . At instant B, the spin is in a ther-
mal state ρB =
∑
n p
B
n |nB〉 〈nB | with the Hamiltonian
HB =
∑
n 
B
n |nB〉 〈nB |. Here and in the following, in
(|ni〉) denote the energies (the eigenfunctions) and pin
are the thermal Boltzmann weights. In the adiabatic
compression stroke, the spin Hamiltonian is driven from
HB to HC =
∑
n 
C
n |nC〉 〈nC |. If the process is qua-
sistatic (i.e., τ → ∞), the spin state follows the instan-
taneous changes in the energies without changing the
initial level populations. Therefore, the spin state at
the end would be ρC′ =
∑
n p
B
n |nC〉 〈nC | as predicted
by the quantum adiabatic theorem. The spin state at
the instant C
′
is infact a thermal state with an effec-
tive temperature TC′ . The spin state can be rewrit-
ten as ρC′ =
∑
n p
C
′
n |nC〉 〈nC |. By getting the ratio
5pC
′
n /p
C
′
m = p
B
n /p
B
m and using the predefined frequency
νC = (TL/TH)νB , one can easily prove that TC′ ≡ TL.
In other words, for a quasistatic transformation, the spin
state at the instant C
′
would be ρC′ ≡ ρC . When the
spin becomes in contact to the cold bath, there would
be no relaxation. A similar analysis for the adiabatic ex-
pansion stroke D → A′ gives ρA′ ≡ ρA, where QA′A = 0
in the limit τ → ∞. Since the instants A′ and C ′ coin-
cide with the instants A and C in the limit τ → ∞, the
efficiency in Eq. (2) exactly gives the classical Carnot effi-
ciency. The above analysis indeed explains why the ratio
η/ηC in Fig. 3 goes to 1 as the parameter τ increases.
For a finite time Hamiltonian driving, the final spin
states ρC′ and ρA′ are out of equilibrium due to the
inter-level transitions. One can investigate the closeness
of the non-equilibrium spin states to their equilibrium
correspondences through quantum relative entropy, i.e.,
S(ρi′ ||ρi) (i = A,C), where S(ρ||σ) = tr(ρ(ln ρ − lnσ)).
The relative entropy defined just above has a well ther-
modynamic interpretation [33]. It is related to the inner
friction arises in the adiabatic strokes and also to the heat
exchanges during the relaxation processes of the cycle.
The inner friction (Wfric) arises from the finite time
Hamiltonian driving is defined as the work done on an
actual finite time process minus the work done on a qua-
sistatic transformation [33]. Since the spin states un-
der quasistatic transformation are exactly the thermal
states at the beginning of the isothermal stages, we arrive
the following relations WB→C
′
fric = tr (HC(ρC′ − ρC)) =
−QC′C and WD→A
′
fric = tr (HA(ρA′ − ρA)) = −QA′A.
Using the spectral decomposition of the relevant density
matrices and the invariant property of the von Neumann
entropy in a unitary transformation, the above defined
relative entropy can be written in a form as [33, 34]
S(ρi′ ||ρi) = βitr (Hi(ρi′ − ρi)) (i = A,C). As a result,
we arrive the following equation
WB→C
′
fric = β
−1
L S(ρC′ ||ρC) = −QC′C ,
WD→A
′
fric = β
−1
H S(ρA′ ||ρA) = −QA′A. (3)
S(ρ||σ) is always non-negative [33]. Therefore, the heat
exchanges during the relaxation processes are always neg-
ative, QA′A, QC′C < 0. This can be understood as fol-
lows. The driving agent should supply more energy on
the spin to make the same changes in a fast driving pro-
tocol. This result in extra energy to be stored in the spin
as quantified by Wfric. The spin density matrix deviates
from equilibrium and becomes a non-equilibrium state.
To approach the adiabatically evolved equilibrium state
defined at the beginning of the isothermal stages, the
extra stored energy is released to the heat baths in the
relaxation processes of the cycle. Therefore, the finite-
time adiabatic processes and the following inevitable re-
laxation strokes make the quantum Carnot cycle irre-
versible, which decreases the positive work output and
the operational efficiency due to the increase (decrease)
the heat released (absorbed) to (from) the cold (hot) heat
reservoir.
The irreversibility associated with the finite-time
Hamiltonian driving introduces the engine efficiency a
departure to the ideal Carnot efficiency, ηC = 1−βH/βL
(see Fig. 3). We can find an explicit expression for the ef-
ficiency (Eq. (2)) in terms of the efficiency lag [14, 36, 48],
i.e, η = ηC − L. Using Eqs. (1), (2) and (3), and the
invariant property of the von Neumann entropy in a uni-
tary transformation, the lag can be found after a simple
calculation as
L = S(ρ
′
C ||ρC) + S(ρ′A||ρA)
βLQin
. (4)
The lag in Eq. (4) is in the same form as the one recently
given for a finite-time Otto cycle [14, 36]. The lag L
quantifies the detrimental contribution of the quantum
friction on the cycle efficiency. For a finite-time driving,
L is always positive so η < ηC . The efficiency lag be-
comes zero only in the absence of inner friction where
η = ηC .
The contributions on the inner friction can be divided
into two parts [35, 36]. The first is coming from the en-
ergy frame coherence generated in the non-equilibrium
state ρi′ . The second contribution is coming from the
population difference between the non-equilibrium state
ρi′ and the equilibrium correspondence ρi. A recent
study shows to quantify the amount of the separate con-
tributions as [35]
S(ρi′ ||ρi) = C(ρi′ ) + S(∆(ρi′ )||ρi), (5)
where i = A,C, and ∆(ρi′ ) is the energy frame dephasing
map. The first term on the right hand side measures
the amount of coherence contribution, while the second
term quantifies the amount of the population mismatch
contribution. The detailed calculation procedure of the
contributions in Eq. (5) can be found in Ref. [35].
In Fig. 4, we plot the inner friction (Eq. (3)) arises
from the fast Hamiltonian driving and the contribution
parts on the inner friction (Eq. (5)) as a function of the
protocol time length (τ). Please remark here again that
the inner friction in the sub-figures is exactly equal to
the heat dumped to the reservoirs during the relaxation
processes (Eq. (3)). The inner friction is high for a too
fast Hamiltonian driving protocol which decreases almost
monotonically and vanishes when τ is large enough. As
shown from the insets, both coherence generation and
population mismatch contributions have significant ef-
fects for the fast driving case. As τ increases, the con-
tributions become less and vanish in the limit τ → ∞.
C(ρi′ ) in Eq. (5) exactly matches the production of Shan-
non entropy defined in terms of the energy level popula-
tions [35]. Therefore, the coherence contribution to the
nonadiabaticity indicates the production of entropy due
to the inter-level transitions. The common expectation
is the monotonic decay of Wfric as a function of τ . How-
ever, as shown from Fig. 4 and also from the Figs. 2
and 3, the figure of merits for the intermediate time in-
tervals have a non-monotone dependence on τ . This is
6FIG. 4: The inner friction arises in the adiabatic compression
(a) and expansion (b) strokes versus the driving time length,
τ for the source temperatures TH = 16.5 peV/kB (solid line)
and TH = 33.5 peV/kB (dashed line). The inner friction here
coincides with the heat dumped to the reservoirs during the
relaxation processes. The insets show the contribution parts
to the nonadiabaticity by the coherence generation (solid line)
and by the population mismatch (dashed line) versus τ for the
source temperature TH = 16.5 peV/kB .
not just a theoretical prediction obtained from a unitary
time evolution which is recently reported experimentally
in a liquid state NMR setup [14, 15, 45, 46]. The insets
illustrate that C(ρi′ ) gives the leading contribution both
on the non-monotonic feature and the nonadiabaticity
for the slow driving case. The population mismatch con-
tribution here decays quickly as τ increases.
Eqs. (3) and (4) also hold for a general working sub-
stance if two conditions are satisfied: (1) all energy gaps
are altered by the same ratios in the two adiabatic steps,
i.e., Bn − Bm = λ
(
Cn − Cm
)
and An − Am = λ
(
Dn − Dm
)
and (2) the proportionality ratio λ is equal to the ratio
of the two bath temperatures, i.e., λ = TH/TL. For a
quasistatic adiabatic transformation, the first condition
guarantees the thermal state, while the latter one en-
sures the effective temperature being equal to the bath
temperature. In other words, the states ρC′ and ρA′ co-
incide with ρC and ρA under the conditions (1) and (2)
in the quasistatic limit. Then the quasistatic Carnot en-
gine is thermodynamically reversible [2]. Consider now
a time dependent Hamiltonian H(t) generates the adia-
batic strokes of the cycle. If the Hamiltonian is incom-
patible at different times, a finite time driving makes
the density matrices out of the thermal equilibrium.
The thermalization of the non-equilibrium state with the
reservoir then occurs before the isothermal process. More
precisely, the parasitic internal energy stored in the driv-
ing protocol is released in the relaxation stroke as a heat
which are expressed as the quantum relative entropy be-
tween the density matrices at the end of the adiabatic
and relaxation steps (Eq. (3)). The departure of the cy-
cle efficiency to the classical Carnot efficiency due to the
quantum friction is then given by Eq. (4) for a general
working substance under the conditions (1) and (2).
As a final remark we would like to discuss the possibil-
ity to implement the irreversible quantum Carnot cycle
in a liquid state NMR setup [14, 15, 45, 46]. Recently, a
proof-of-concept realization of a quantum Otto cycle has
been given in a liquid state NMR platform [14, 15]. The
spin 1/2 of 13C nucleus as a working substance encounters
two quantum isochoric steps and two Hamiltonian driv-
ing protocols. Due to the fast thermal-relaxation time of
1H nucleus in contrast to 13C, 1H can thermalize the 13C
nucleus via J-coupling effect. Therefote, the spin 1/2 of
13C nucleus is coupled to the spin 1/2 of 1H nucleus in
order to simulate the interaction of the working medium
with the hot heat bath during the isochoric stage. 1H and
13C have different gyromagnetic ratio, thus it is possible
to manipulate each nucleus seperately using NMR selec-
tive pulses. Transverse radio frequency pulses are used
to prepare the nuclei in desired effective thermal states.
The thermal states are long lived due to the long ther-
mal relaxation times in NMR. In the adiabatic stages, the
13C nuclear spin is driven by a resonant time-dependent
radio frequency field. The adiabatic steps are completed
in few milliseconds. The characteristic decoherence time
scales of 13C nuclear spin is in order of seconds. There-
fore, the time development of the driving protocols can
be considered as a unitary dynamics. The density matri-
ces at the terminal points are determined by the tomog-
raphy of states. The work and efficiency are obtained
experimentally and also predicted theoretically. It was
shown that the experimental outputs are in full accor-
dance with the theoretical predictions. In addition to two
isochoric and two adiabatic steps, the irreversible quan-
tum Carnot cycle given in Fig. 1 possesses two quantum
isothermal stages. The isothermal stages can be realized
by putting the working substance in contact to a reservoir
while changing only the field intensity. The speed of the
7change should be slow to keep the working medium al-
ways at thermal equilibrium with the heat bath. Our re-
sults demonstrate that highly qualified quantum Carnot
heat engine can be obtained for the driving time length
smaller than 1.5 ms. This time is much shorter than the
decoherence times in NMR. Therefore, we may claim here
that the proposed irreversible quantum Carnot cycle is a
promising candidate to be implemented in a liquid state
NMR platform.
IV. CONCLUSIONS
In this paper, we have investigated a driven spin as the
working medium of an irreversible quantum Carnot cy-
cle. The role of the finite time adiabatic operations on the
cycle performance has been investigated in detail. The
finite time operations are the source of the irreversibility
named as the inner friction. The irreversibility dramat-
ically reduces the work output and the cycle efficiency
which can make the engine incapable to produce work for
the too fast adiabatic transformations. The ideal Carnot
efficiency is reached only at the quasi-static regime.
The driving agent should supply more energy (as quan-
tified by inner friction) on the spin to make the same
changes for a fast driving protocol. The extra energy
should be released to the heat bath before the isothermal
processes of the cycle. A compact relationship has been
given between these quantities and the quantum relative
entropy of the density matrices obtained at the end of the
adiabatic and the relaxation steps. A deviation of the cy-
cle efficiency from the ideal Carnot efficiency due to the
quantum friction has been represented by an efficiency
lag which is intimately related to the total entropy pro-
duction due to the quantum friction. The contributions
on the inner friction can be separated into two parts, one
due to the coherence generation and the other one due
to the incoherent transitions. It has been found that the
coherence generation gives the leading contribution both
on the non-monotonic feature as a function of the driving
time length and the nonadiabaticity for the slow driving
transformation. We have been noted that the results are
also valid for a general quantum system possessing scale
invariance. We believe that our results are eligible to the
experimental implementation, especially in a liquid state
NMR platform.
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